We derive new matrix representation for higher-order changhee numbers and polynomials. This helps us to obtain simple and short proofs of many previous results on higher-order changhee numbers and polynomials. Moreover, we obtain recurrence relations, explicit formulas and some new results for these numbers and polynomials. Furthermore, we investigate the relations between these numbers and polynomials and Stirling numbers, Nörlund and Bernoulli numbers of higher-order. Some numerical results using Mathcad program are introduced.
Introduction
For α ∈ N, the Bernoulli polynomials of order α are defined by, see [4] - [22] The Euler polynomial of order α(∈ N) are defined by the generating function to be
see [1, 3] , when x = 0, E (α) n = E where s 2 (i, j), are the Stirling numbers of the second kind. We can represent Euler polynomials of order α, by (n + 1) × (α + 1) matrix , 0 ≤ α ≤ n, as follows
0 (x) · · · E 
E (0)
n (x) E
(1)
n (x) · · · E Kim et al. [18] define the Changhee polynomials of the first kind with order k by the generating function as follows. n (x) are called the Changhee polynomial of the first kind with order 1, that is defined as, see [11, 17] .
Moreover, Kim et al. [12] defined the Daehee polynomials of order k by the generating function as follows
In the special case,
n (0) are called the Daehee numbers of order k, defined by
n (x) are the Daehee polynomials of the first kind with order 1, defined by 10) see [15, 16] and [22] . The Stirling numbers of the first and second kind are defined, respectively, by 11) where s 1 (n, 0) = δ n,0 , s 1 (n, k) = 0, for k > n, and
where s 2 (n, 0) = δ n,0 , s 2 (n, k) = 0, for k > n, and δ n,k is the kronecker delta. The Stirling numbers of the second kind have the generating function, see [4, 5, 7, 8] and [10] 
Higher-order Changhee Polynomials of The First Kind
In this section, we derive an explicit formulas and recurrence relations for the higher-order Changee numbers and polynomials of the first kind. Also the relation between these numbers and Nörlund numbers are given. Furthermore, we introduce the matrix representation of some results for higher-order Changhee numbers and polynomial obtained by Kim et al. [18] in terms of Stirling numbers, Nörlund numbers, Euler and Bernoulli numbers of higher-order and investigate a simple and short proofs of these results. Kim et al. [18, Eq. 2.8] proved that, for n ∈ Z, k ∈ N, the Chaghee higher order numbers of the first kind can be obtained as
If k = 1, Ch n = (−1) n n! 2 n . We can represent the Changee numbers of the first kind of order k, by (n + 1) × (k + 1) matrix , 0 ≤ k ≤ n, as follows
For example, if setting 0 ≤ n ≤ 4, 0 ≤ k ≤ n , in (2.1), we have the following higher order Changhee numbers of the first kind, for n, k = 0, 1, · · · , 4.
Substituting from Eq. (2.2) into Eq. (2.1), we obtain the relation between higher order Changhee numbers and higher order Dahee numbers of the first kind as follows
Setting k = 1 into Eq. (2.1), we get the explicit form for the Changhee number of the first kind as follows.
El-Desouky and Mustafa [9, Eq. 6], derived the explicit form for the Daehee numbers of the first kind as follows
then the relation between Daehee numbers and Changhee numbers can be obtained as
By using the recurrence relation for the Daehee numbers of the first kind, [9] , we can derive the recurrence relation for the Changhee numbers of the first kind as follows
The Nörlund numbers of the second kind have the explicit formula [20, Remark 4] ,
From Eq. (2.4) and Eq.(2.7), we can obtain the relation between the Changhee numbers and the Nörlund numbers as follows
Remark 2.1. We can write this relation in the matrix form as follows.
where Ch (k) is (n + 1) × (k + 1), 0 ≤ k ≤ n, matrix for the Changhee numbers of the first kind of order k and S 1 is (n + 1) × (k + 1) lower triangular matrix for the Strirling numbers of the first kind and
Kim et al. [18, Theorem 2.3] proved the following result. For n ≥ 0, we have
We can write this relation in the matrix form as follows Multiplying both sides by the Striling number of second kind as follows.
where I is the identity matrix of order (n + 1).
Kim et al. [17] introduced the following definition for the the Changhee Polynomial of the first kind.
Theorem 2.3. For n ∈ N, the Changhee polynomials satisfy the following relation
Proof. From Eq. (2.13), we have 15) by equating the coefficient of t n , in both sides of Eq.(2.15), we have
This completes the proof.
Kim et al. [18] introduced the following definition for the Changhee Polynomials of the first kind with order k by
Theorem 2.4. For n, k ∈ N, the Changee polynomials of higher order satisfy the following relation
by equating the coefficient of t n , on both sides of Eq.(2.18), we have For n ≥ 0, we have
We can write this relation in the matrix form as follows
where Ch (k) (x) is (n + 1) × (k + 1) matrix for the Changhee polynomials of the first kind with order k and E (k) (x) is (n + 1) × (k + 1) matrix for the Euler polynomials of order k.
x 2 + 5x − 
We can write Eq. (2.22) in the matrix form as follows 
x 2 + 1 4
Remark 2.6. We can prove [18, Theorem 2.5] by using the matrix form (2.21) as follows. Multiplying both sides of (2.21) by the Striling number of second kind, we have
We can determine the relation between the Daehee numbers of the first kind, Euler's polynomials and the Changhee polynomials of the first kind with higher order as follows. From Eq. (2.2), we get 
(2.27)
Higher-order Changhee Polynomials of The Second Kind
In this section, we derive an explicit formulas and recurrence relations for the higher-order Changee numbers and polynomials of the second kind. Also the relation between these numbers and Nörlund numbers are given. Furthermore, we introduce the matrix representation of some results for higher-order Changhee numbers and polynomial obtained by Kim et al. [18] in terms of Stirling numbers, Nörlund numbers, Euler and Bernoulli numbers of higher-order and investigate a simple and short proofs of these results.
Kim et al. [18, Eq. 2.8], defined the Changhee numbers of the second Kind with the second kind with order k(∈ N) as follows:
Kim et al. [18, Eq. 2 .24] proved that, for n ≥ 0, the Chaghee numbers of the second kind satisfy the following relation:
We can write Eq. (3.2) in the matrix form as follows
where Ch is (n + 1) × (k + 1) matrix of Changhee numbers of the second kind with order k and D is (n + 1) × (n + 1) diagonal matrix with element D ii = (−1) i , i = 0, 1, · · · , n, Kim et al. [18, Eq. 2 .25] proved that, for n ≥ 0, the Chaghee numbers of the second kind satisfies the following relation
Theorem 3.1. For n, k ∈ N, the Changhee numbers of the second kind satisfy the following relation
by equating the coefficients of t ℓ on both sides, we have Eq. (3.5). This completes the proof.
Kim et al. [18, Theorem 2.7] introduced the following result. For n ≥ 0,
we can write (3.6) in the matrix form as follows
where Kim et al. [18] defined the Changhee polynomials of the second kind with order k(∈ N) as follows: 
We can write Eq. (3.9) in the matrix form as follows
where Ch (k) (x) is (n + 1) × (k + 1) matrix of Changhee polynomials of the second kind with order k.
For example, if setting 0 ≤ n ≤ 3, 0 ≤ k ≤ n , in (3.10), we have
Kim et al. [18, Theorem 2.9] introduced the following result. For n ≥ 0,
We can write (3.11) in the matrix form as follows
For example, if setting 0 ≤ n ≤ 3, 0 ≤ k ≤ n in (3.12), we have
x 2 + 3x + 
Kim et al. [18, Theorem 2.10] introduced the following result. For n ∈ Z, k ∈ N,
We can write Eq. (3.13) in the matrix form as follows 14) where
Kim et al. [18, Theorean 2.11] introduced the following result. For n ∈ Z, k ∈ N,
We can write Eq. (3.15) in the matrix form as follows
Kim et al. [18, Eq. (2. 32)] introduced the following result
We can derive the relation between the first and the second kind Changhee polynomials with higher order as follows. 19) by equating the coefficients of t j on both sides, we get Eq. 
